Abstract. If g is a Lie algebra of derivations of an associative algebra R, then the subalgebra of invariants is the set R g = {r ∈ R | δ(r) = 0 for all δ ∈ g}. In this paper, we study the relationship between the structure of R g and the structure of R, where g is a finite dimensional semisimple Lie algebra over a field of characteristic zero acting finitely on R, when R is semiprime.
Introduction
Let R be a semiprime algebra over a field K acted on by a finite dimensional Lie K-algebra g. In this paper we show how the structure of the subalgebra of invariants R g is related to that of R, in the case when g is semisimple and K has characteristic zero. We are interested mainly in the questions of whether R g is semiprime and whether the assumption that R g satisfies a polynomial identity implies that R also satisfies a polynomial identity. There are many papers in the literature analyzing similar problems in different situations (see Kharchenko's book [12] ). For instance, in [13] and [14] the authors considered the case when R is a prime of a positive characteristic and g is restricted with a quasi-Frobenius inner part. In [2] and [6] the invariants of reduced algebras and domains under actions of finite dimensional restricted Lie algebras were investigated.
Note that if we extend the context to semiprime algebras, then the restriction for g to be semisimple is rather necessary. Indeed, let R = M 2 (K[x, y]) be the algebra of 2 × 2-matrices over the noncommutative free algebra K [x, y] and g be the 2-dimensional abelian Lie algebra spanned by inner derivations induced by the elements ( 0 x 0 0 ) and ( 0 y 0 0 ). Then R g (the centralizer of these matrices in R) is the commutative algebra consisting of all matrices of the form ( α b 0 α ), where α ∈ K and b ∈ K [x, y] . Clearly R g is not semiprime and R does not satisfy any polynomial identity. A particular case, when g = sl 2 (K), was considered in [9] . It was proved there that R g is not nilpotent provided R is semiprime. We now introduce the definitions and terminology that we will use throughout the paper. As usual, when R is an algebra over a field K, by End K (R) we denote the algebra of K-linear endomorphisms of R and by Der K (R) the Lie algebra of K-linear derivations of R. By R (−) we mean the Lie algebra R with respect to the ordinary commutator [a, b] = ab − ba as the Lie bracket. If a ∈ R, then ad a denotes the inner derivation induced by a, that is, ad a(x) = ax − xa. Given a Lie algebra g, we say that g acts on R if there is a homomorphism of Lie algebras ψ : g −→ Der K (R). We say that g acts finitely on R if the image of g in End K (R) generates a finite dimensional associative algebra. Since a homomorphism of Lie algebras ψ : g −→ Der K (R) induces an associative homomorphism ψ from the universal enveloping algebra U (g) to End K (R), we can say that g acts on R finitely of dimension N if and only if dim K ψ(U (g)) = N < ∞. In this case, for any x ∈ g the derivation ψ(x) is algebraic as a linear transformation of R. Conversely, if ψ(x) is algebraic for any x ∈ g, then the Poincaré-Birkhoff-Witt theorem implies that dim
If R is a semiprime K-algebra and Q is its symmetric Martindale quotient algebra, then the action of g always extends uniquely to Q. Furthermore, if a derivation of R is algebraic, then its extension to Q satisfies the same polynomial. Therefore the hypothesis that g acts finitely on R also extends to the action of g on Q. Recall that Q is semiprime and its center C, known as the extended centroid of R, is von Neumann regular and selfinjective. We denote by max (C) the set of all maximal ideals of C and by F R the set of all essential ideals of R.
Later in this paper, we will let Q cl (R) denote the classical ring of right quotients of the semiprime right Goldie ring R.
Split semisimple Lie algebras and their traces
Let g be a split semisimple Lie algebra over a field K of characteristic zero and let h be a splitting Cartan subalgebra of g. Recall that under the action of ad h, g decomposes into the direct sum of root spaces (that is, the eigenspaces of this action)
where g 0 = h and Φ, the set of roots, is 
where
Suppose that a finite dimensional split semisimple Lie algebra g acts finitely of dimension N on a semiprime K-algebra R. For any α ∈ Φ let g α = Kx α . It is well known that the Lie subalgebra spanned by x α , x −α and h α = [x α , x −α ] is isomorphic to sl (2, K) . Since every finite dimensional subspace of R is contained in a finite dimensional g-stable subspace, it follows from the description of finite dimensional representations of sl (2, k) 
, we see that g acts by Q-inner derivations. We will show that the map δ → a δ induces a Lie algebra homomorphism from g into Q (−) . We begin with the following easy but very useful lemma. 
Proposition 2. There exists a homomorphism of Lie algebras
Proof. Let A be the associative C-subalgebra of Q generated by C and the elements a ψ(x) , where
, A is finitely generated as a Cmodule. It means that for any maximal ideal M of C, the algebra A M is finite dimensional over the field
In this case we put
We need to show that θ is well defined. To this end, suppose that
. By Lemma 1, we obtain that η M (λ) = 0 for any M ∈ max (C). Since M ker η M = 0, λ = 0 and
In order to show that θ is a homomorphism of Lie algebras, let x, y ∈ g be homogeneous with respect to Cartan's decomposition of g. From the definition of θ it follows that
is a nilpotent element of A. In both cases we get that λ + a ∈ [A, A] for some nilpotent element a ∈ A. Applying Lemma 1 to the localization A M at any M ∈ max (C), we obtain η M (λ) = 0, and consequently λ = 0.
Given a maximal ideal M of C, we let g M denote the Lie algebra C M ⊗g. Clearly g M is a finite dimensional and semisimple C M -algebra. The action of g on Q is inner, so any δ ∈ ψ(g) is C-linear. Hence we have the induced action of g M on the prime C M -algebra Q M . Moreover, it is clear that the dimension of this action over C M does not exceed N . We denote the induced homomorphism of Lie algebras from
M by θ M , where A is the associative C-subalgebra of Q generated by C and θ(g).
Proposition 3. The algebra A M is semisimple and dim
CM A M ≤ N .
Proof. The homomorphism of Lie algebras θ
M induces a homomorphism of associative algebras with unity
We identify any x i with its image in the universal enveloping algebra U (g M ) and we put θ M ( 
Let us consider the "monomial" ω = (ad t 1 ) k1 · · · (ad t n ) kn (X). Applying the for-
to ω and expressing any coefficient lying on the right side of X as a linear combination of elements of B we can decompose ω into the sum of (t f b (t 1 , . . . , t n ) + g(t 1 , . . . , t n ) (t 1 , . . . , t n ) + g(t 1 , . . . , t n deg(g(t 1 , . . . , t n ) 
We will now briefly describe a method of construction of a trace function, which allows us to produce nontrivial invariants. A similar construction was used in [2] , where actions of Lie algebras on reduced rings were considered.
Since the extended centroid C is selfinjective and A is finitely generated as a C-module, there exists a finite subset A of A such that A = a∈A Ca. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use This gives us that t M maps Q into Q g . Clearly, the action of g on Q determines a unique action of g on Q M . It is easy to see that (
. We can summarize the above considerations in the following proposition.
Proposition 4. If M is a maximal ideal of C, then there exist ξ M ∈ C \ M and finite subsets E, E = {e | e ∈ E} of nonzero elements of A such that:
(1) the sets η M (E) and 
Main result
In this part we study how the structure of R g is related to that of R. In particular, we prove that R g is semiprime provided R is semiprime, that the PI property can be lifted from R g to R, and that the classical rings of quotients of R g and R are closely connected. We obtain these by reducing the questions to the case of centralizers of finite dimensional semisimple algebras. Therefore we will frequently refer to works of Montgomery [17] and Montgomery-Smith [18] on centralizers of separable algebras.
Theorem 5. Let R be a semiprime algebra over a field K of characteristic zero on which a finite-dimensional semisimple Lie algebra g acts finitely of dimension N . Then:
(1) the subalgebra of invariants R g is semiprime and I ∩ R g = 0 for any nonzero ideal I of R, (2) 
Proof. Since for any field extension
, without loss of generality we may assume that g is a split semisimple Lie algebra. Indeed, it suffices to consider a finite field extension K ⊆ F containing all characteristic roots of every ad h, h ∈ h. Then properties from (1), (2), (4), (5) and the first part of (6) are preserved by R ⊗ K F and R g ⊗ K F . First, we prove that Q g is semiprime. According to Proposition 2, let θ : g −→ Q be the homomorphism of Lie algebras satisfying ψ(x) = ad θ(x), and let A be the subring of Q generated by θ(g) and the extended centroid C. We know that for any M ∈ max (C) the localization A M is finite dimensional over C M and semisimple. By the result of Montgomery on centralizers of separable algebras ([17, Theorem 3.3]), we obtain that
We will make use of the following fact: 
For (2) we first prove that Q g can be viewed as a subring of Q(R g ). From ( * ) it follows that for I ∈ F R , I g has a zero left and right annihilator in Q. In particular, I
g is an essential ideal of R g . If 0 = q ∈ Q g and I ∈ F R is such that qI ∪ Iq ⊆ R, then clearly 0 = qI g ⊆ R g and 0 = I g q ⊆ R g . Finally, suppose that J is an essential ideal of R g and q ∈ Q g is such that either qJ = 0 or Jq = 0. Take I ∈ F R such that qI ∪ Iq ⊆ R. If qJ = 0, then (I g q)J = I g (qJ) = 0 and hence I g q = 0. The above implies that q = 0. A similar argument shows that Jq = 0 implies q = 0. Therefore Q g can be treated as a subring of Q(R g ). 
Applying the result of Montgomery and Smith on centralizers of separable algebras [18] , we conclude that Q M satisfies the standard identity s dN . Since it holds for any M ∈ max (C), the ring Q satisfies s dN .
For (3), note that if I is a nonzero ideal of R, then by (1) I g is a nonzero ideal of R g . Hence I g = R g and 1 ∈ I g . Therefore I = R and R must be a simple ring.
This holds for any maximal ideal of C, so x = 0. Consequently t is regular in Q.
In particular, C ⊆ R, so R has unity. From ( * ) it follows that F R = {R}. By (1) we now obtain that R is a finite direct sum of minimal ideals which are certainly g-stable. Hence it suffices to consider the case when R is a simple algebra with unity and R g is semisimple Artinian. Then the algebra A (defined in Proposition 2) is semisimple and finite dimensional over the center of R. From [17, Corollary 4.1], it follows that R must be semisimple Artinian. Conversely, if R is semisimple Artinian, then the result is a direct consequence of [17, Theorem 4.2] .
(6) Suppose R is right Goldie. Then the classical ring of right quotients Q cl (R) and the symmetric Martindale ring of quotients Q coincide and hence Q is semisimple Artinian. By (4), Q g is semisimple Artinian. Since
). It says that R g is a right order in a semisimple Artinian ring Q(R g ). Therefore R g is right Goldie. Conversely, suppose that R g is right Goldie. From (1) it follows that R does not contain infinite direct sums of nonzero ideals. Thus there exist g-stable ideals R 1 , . . . , R k of R such that R 1 ⊕ · · · ⊕ R k ∈ F R and any R i is a prime ring. Clearly, it suffices to show that any R i is right Goldie. On the other hand, note that R g i is right Goldie as a two-sided ideal of R g , so without loss of generality we may assume that R is prime. Since R g ⊆ Q g ⊆ Q(R g ) and Q(R g ) is semisimple Artinian, Q g is right Goldie. Moreover Q g = C Q (A), where A is a semisimple finite dimensional C-algebra (Proposition 3), so by the result of Cohen [7] , Q is right Goldie. It immediately implies that Q is semisimple Artinian and hence R is right Goldie.
It remains to show that Q cl (R) = RT −1 , where T is the set of all regular elements of R g . We claim that any essential right ideal of R intersects T nontrivially. Since R is right nonsingular, any essential right ideal J of R contains an essential gstable right ideal J * . Indeed, in [4, Lemma 4.2] , and in [19] , it is shown that if δ is a derivation and J is an essential right ideal of a ring whose right singular ideal is zero, then the right ideal J ∩ δ −1 (J) = {r ∈ J | δ(r) ∈ J} is also essential. Hence, if D is a basis of ψ(g), then applying the above many times one obtains that J * = δ∈D, 0≤j≤N δ −j (J) is essential and g-stable. Since R is semiprime Goldie, J * is semiprime as a ring and we may consider the induced action of g on J * . Moreover it is clear that J * and R have the same Goldie ranks, so J * is right Goldie. The above implies that J g * is semiprime right Goldie. In particular, J g * contains a regular element t (regular in J g * ). By (4), t is regular in J * . If 0 = r ∈ R, then there exists r ∈ R such that 0 = rr ∈ J * . Hence, the regularity of t in J * implies the right regularity of t in R. Since R is semiprime Goldie, t must also be left regular in R, so t ∈ T . Consequently, T is a right Ore set in R and we may consider the localization RT −1 . Since (RT −1 ) g = R g T −1 is right Artinian, from (5) it follows that RT −1 is right Artinian. Hence Q cl (R) = RT −1 and it is clear now that Q cl (R) g = R g T −1 = Q cl (R g ).
